We examine Lie algebras all of whose proper subalgebras are nilpotent-byabelian but which themselves are not nilpotent-by-abelian. We st,udy the existence and structure of these algebras. Let X and y be two classes of Lie algebras (not necessarily different).
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Throughout this paper L will denote a finite-dimensional Lie algebra over a field F. Vector space direct sums will be denoted by @. We denote the subspace (respectively subalgebra) of L generated by ~1, . . . , zc, E L by @y="=, Fxi (respectively by (XI,. . . , x,)). The Frattini subalgebra of L, denoted by F(L), is the intersection of all the maximal subalgebras of L, and the Frattini ideal of L, denoted by 4(L), is the largest ideal of L contained in the Frattini subalgebra of L. If 4(L) = 0, we say L is &-free. If U and V are subsets of L, we shall write Cu(V) for {x E U : xu = 0 for all II E V}. The center of L will be denoted by Z(L). Let x E L; then the adjoint mapping of x will be denoted by adlx. The derived algebra of L will be denoted by L2. We shall denote the finite field with q elements by F,. Standard results in the theory of Lie algebras are taken from [lo] .
It is easy to see the following
LEMMA 1. Let L be any Lie algebra. Then L is nilpotent-by-abelian if and only if L2 is nilpotent.
It follows from standard
Lie theory that there are no solvable almost nilpotent-by-abelian
Lie algebras over fields of characteristic zero. We can now easily show THEOREM 2. Let L be any Lie algebra over a field F of characteristic zero. Then the following are equivalent:
Proof. Let L be almost nilpotent-by-abelian. By Levi's theorem and the above remarks we see that L must be simple and every proper subalgebra solvable. Consequently, by Theorem 2.2 of [17] and the remarks following it, we have that L is simple semiabelian or slz( F). It is easy to see that the converse is true.
??
We note that if F is algebraically closed of characteristic zero, then there are no simple semiabelian algebras, and if F is the real field, then there is only one: the three-dimensional nonsplit simple algebra (see [4] We now give the structure of certain solvable almost nilpotent-by-abelian algebras.
THEOREM 4. Let L be solvable and $-free. Then L is almost nilpotentby-abelian if and only if F has characteristic p > 0 and L = A @ B is a semidirect sum, where A is the unique minimal ideal of L, dim A > 2, A2 = 0, and either B = M @ Fx is a semidirect sum, where M C B is a minimal ideal of B such that M2 = 0 (type I), or B is the threedimensional Heisenberg algebra (type II). Moreover, if p 2 3 then dim A is divisible by p.
Proof. +: Suppose that L is &free and almost nilpotent-by-abelian. Then clearly we have char F = p > 0 by remarks following Lemma 1. Since L is &free, it follows from Theorem 7.3 of [14] that we have
where Ai is a minimal abelian ideal of L for 1 5 i < n and B is a subalgebra of L. In particular, each Ai is an irreducible B-module and B2Ai E {Ai, 0) for 1 5 i 5 n. Note that B2 is nilpotent and that
L2=~AiB+B2C~Ai+B2. i=l i=l
Consequently, the assumption B2Ai = 0 for 1 5 i 5 n implies that L2 is nilpotent, a contradiction. We may thus assume that A1B2 = Al. This entails that (Al + B)' = Al + B2 is not nilpotent. As a result Al + B is not nilpotent-by-abelian and therefore coincides with L. Hence L = A@ B, and A is the unique minimal ideal of L, because it is self-centralizing. Now let M be any maximal ideal of B that contains B2. Thus A + Fc, and hence A + K2, is not nilpotent, which is a contradiction. If C = 0 then M is a minimal ideal of B, since any ideal of B properly contained in M is contained in C = 0. Also, since A is self-centralizing, it is a faithful B-module and we have an embedding B -+ EndF(A).
Thus, (dim A) ' Now let V be a B-composition factor of &(B'). If dimFV < p, then Lie's theorem holds, and B operates on V by upper triangular matrices. As a result, B2 acts on V by nilpotent transformations. Since Q(Z) is the only eigenvalue of 5 E B2 on V, we obtain cr = 0. It now follows from Corollary 8.5 on p. 239 of [13] that p divides dimFV. Consequently, p divides dirn$i = dimpA.
e: For the converse it suffices to show that every maximal subalgebra of L is such that its derived algebra is nilpotent.
Let K c L be a maximal subalgebra. Then either K = B or K = A + N for a maximal subalgebra N C B. In particular, L is $-free. If L is of type I, then, using the fact that A4 is ad x-irreducible and M2 = 0, we see that N is abelian. For type II this follows directly. Consequently, K2 = B2 or K2 2 A, implying that K is nilpotent-by-abelian.
That completes the proof.
??
We shall refer to the algebras described in the above theorem as type I and type II respectively.
It is well known that over algebraically closed fields, if L is a Lie algebra such that L2 is nilpotent, then L is supersolvable (see for example [l] ). Thus we have the following
Let L be a solvable almost nilpotent-by-abelian algebra over an algebraically closed field F.
If L/4(L) is of type I then L/b(L) is of type I of Theorem 3. If L/4(L) is of type II then L/+(L) is of type II of Theorem 3.
Proof.
This follows easily from seeing that L2 is nilpotent if and only if (L/4(L))2
is nilpotent, by applying Theorem 2.5 of [l] and the above remarks.
??
This raises the question whether algebras of type I and type II are always almost supersolvable. This is not the case. Clearly we could always take a basis and multiplication as given in Theorem 3 but choose a field which does not allow the algebra to be almost supersolvable. For type I take the field IF,. Then it is easily seen by Fermat's little theorem that tP -t + 1 has no roots in F,.
More interestingly, we can construct algebras of type I which have a different basis and multiplication from those of Theorem 3(i). We now give :such an example.
Let We now consider algebras of type II. If we choose L to have the same basis and multiplication as in Theorem 3(ii), then L will be almost nilpotentby-abelian but not almost supersolvable precisely when our field F has characteristic two and is nonperfect [for example, Fz(t), the field of rational expressions in the indeterminate t over the field IF2]. However, over fields other than characteristic two there are type II algebras which are not almost supersolvable, as the following example shows. and all other products zero. It can be checked that L is of type II. However, it is not almost supersolvable, since the minimum polynomial of adL~l(~:=~~~~~~) is t3 + 1, which does not split over TF3, and so (&, iF3ei) @ lF3x is a proper subalgebra of L which is not supersolvable. In classifying all the algebras of type II we want to know all the irreducible representations of the three-dimensional Heisenberg algebra.
